Einstein-Podolsky-Rosen (EPR) steering is an intermediate quantum correlation that lies in between entanglement and Bell non-locality. Its temporal analogue, temporal steering, has recently been shown to have applications in quantum information and open quantum systems. Here, we show that there exists a hierarchy among the three temporal quantum correlations: temporal inseparability, temporal steering, and macrorealism. Given that the temporal inseparability can be used to define a measure of quantum causality, similarly the quantification of temporal steering can be viewed as a weaker measure of direct cause and can be used to distinguish between direct cause and common cause in a quantum network.
The concept of quantum steering was first articulated by Shrödinger [1] in response to the apparently non-local phenomenon of quantum correlations questioned by Einstein, Podolsky, and Rosen (EPR) [2] . Thanks to the celebrated inequality proposed by Bell [3] , a great deal of theoretical and experimental investigation has been focused on quantum non-locality in the past few decades. Empowered by practical quantum information task requirements, spatial EPR steering was recently able to be studied in a more quantitative way [4] [5] [6] [7] [8] . Together with the concepts of Bell nonlocality and entanglement, EPR steering forms a hierarchy, and as such acts as an intermediate quantum correlation that lies in between the others [4] [5] [6] , i.e., EPR steering is, in general, weaker than Bell nonlocality but stronger than quantum entanglement. Research on EPR steering in the past few years has seen the development of several interesting new avenues of study; steering has been shown to be a resource for quantum-information processing [9] , measures of steering have been proposed [10] [11] [12] , a correspondence with measurement incompatibility has been discussed [13] [14] [15] [16] , and temporal quantum steering has been analyzed [17] [18] [19] [20] [21] . In addition to these theoretical developments, EPR steering has also been observed experimentally [22] [23] [24] .
The notion of causality, cause and effect, is an intuitive concept, which allows us to describe the laws of classic physics successfully. In quantum mechanics, however, applying the concept of causality is not always that straightforward. For example, quantum mechanics allows the superposition principle to be applied to causal relations, such that indefinite casual order may occur with proper design [25, 26] . A measurement of a superposition of causal orders has been demonstrated very recently [27] . Another driving force for the research on quantum causality [28] comes from Bell's theorem, and its generalizations, that can be analyzed with a causal approach [29] [30] [31] [32] . Potential applications of quantum ca- * yuehnan@mail.ncku.edu.tw sual relations in quantum information tasks have also been proposed [33] [34] [35] [36] .
In contrast to creating an indefinite causal order, some other experimental works related to quantum causal relations have also attracted attention, e.g. distinguishing different causal structures (common-cause and quantum causal effect) [37] and defining a measure of quantum causal effects (direct cause) [38] .
Our goal in this work is to relate temporal steering to the notion of a quantum causal effect. To do so we first show that there also exists a hierarchy among the three temporal quantum correlations (temporal inseparability, temporal steering, and macroscopicity), which are provided when the condition of no-signalling in time (NSIT) [39] [40] [41] is obeyed. When NSIT in temporal steering is violated, non-vanishing temporal steering may occur under dephasing process, for which we prove it to be equal to the classical trace distance, i.e., a potentially purely classical effect. Given that the temporal inseparability can be used to define a measure of quantum causal effects, we conclude that temporal steering can be viewed as a weaker measure of quantum causal effect and can be used to distinguish between direct cause and common cause in a quantum network.
Macrorealism.-Consider a system that evolves with time, and on which one can measure a physical quantity Q at time t 1 , t 2 , or t 3 to obtain the corresponding values Q(t 1 ), Q(t 2 ), and Q(t 3 ), respectively. In 1985, Leggett and Garg (LG) [42, 43] proposed an inequality:
is the expectation value of the measurement outcomes at time t i and t j . This inequality holds if the dynamics of the system is classical, in the realism sense, and the measurements are non-invasive. More precisely, the construction of an LG inequality is based on the assumption of macrorealism: non-invasive measurements and realism combined. For a two-dimensional system, quantum mechanics predicts the parameter K is upper bounded by the value 3/2 (larger dimensionality [44, 45] can lead to larger violations, up to a maximum of 3). Violation of the inequality shows the incompatibility between quan- tum mechanics and macrorealism. The LG inequality has been applied to a variety of systems (e.g., [46] ).
One can consider a more general scenario to investigate temporal correlations. For instance, there can be two or more quantities being measured at each moment of time. For simplicity, we consider the scenario with two times t 1 = 0 and t 2 = t, at which the quantity x ∈ {x} nx x=1 and the quantity y ∈ {y} ny y=1 are measured respectively during each round of the experiment. Accordingly, one obtains the outcome a ∈ {a} na a=1 and the outcome b ∈ {b} n b b=1 (see Fig. 1 ). After many rounds of the experiment, one can obtain a set of probability distributions {p(a, b|x, y)}. Then, a macrorealistic (MS) theory restricts the probability distributions to be of the following form:
The physical interpretation of the above equation is the following: Before each round of the experiment, there exists an ontic state λ, which determines certainly, i.e., with probability 1 the outcomes a and b corresponding to the measurements x and y, respectively. In general cases, there is always classical noise which disturbs the accuracy of the prediction, leading to the probabilistic forms of the measurement outcomes p(a|x, λ) and p(b|y, λ).
In quantum theory, a measurement outcome is typically not pre-determined due to intrinsic uncertainy. The probability distributions follow Born's rule: p(a, b|x, y) Q = tr E b|y · E( E a|x ρ 0 E a|x ) for all a, b, x, y, where ρ 0 is the initially prepared quantum state, {E a|x } a denotes the positive-operator valued measurement (POVM) E a|x = M † a|x M a|x , a E a|x = 1 1 of each x, similarly {E b|y } b is POVM of each y, and E describes the dynamics of the system from t 1 = 0 to t 2 = t. In the following, the sets of probability distributions which do not admit Eq. (1) will be called nonmacrorealistic.
Similar to the spatial case, one can also write down the so-called temporal Bell inequalities [47] to be a set of constraints for the macroscopical probability distributions. For instance, setting n x = n y = n a = n b = 2 and shifting a, b ∈ {1, 2} to a, b ∈ {±1}, the temporal Clauser-Horne-Shimony-Holt (CHSH) kernel is written as B T-CHSH ≡ C xy + C x ′ y + C xy ′ − C x ′ y ′ , where C xy ≡ p(a = b|x, y) − p(a = b|x, y) is the expectation value of a · b. For a qubit system, B T-CHSH is upper bounded by 2 and 2 √ 2 for the MS model and quantum mechanics, respectively.
To give a proper quantification of the degree of nonmacrorealistic dynamics, we follow the techniques used for standard Bell inequalities, i.e., optimizing all possible combinations of the measurement settings which give the maximal quantum violation of B T-CHSH :
Temporal steering.-Now, consider that one can perform quantum state tomography (QST) to obtain the quantum state at time t 2 = t instead of just obtaining the probability distributions. After many rounds of experiments one can obtain a set of quantum states {σ a|x (t)} corresponding to those states found after the measurement event a|x at time t 1 = 0. It is rather convenient to define the co-called temporal assemblage as a set of subnormalized state {ρ a|x (t) ≡ p(a|x)σ a|x (t)}. Through this, a temporal assemblage contains the information about both
If one believes the measurement at time t 1 = 0 is noninvasive, i.e., knowing the outcome a in prior, without disturbing the system and its subsequent dynamics, the observed temporal assemblage should satisfy the hidden-state model [17, 18, 48] 
The physical interpretation of the temporal hidden model is the following: During each experimental round, there exists an ontic state λ, which predetermines the outcome a when performing the measurement x at t 1 = 0, as well as pre-determining the quantum state σ λ at time t 2 = t. Like in the LG-type experiment, there is always classical noise which disturbs the accuracy of the measurement, leading to the probabilistic descriptions p(a|x, λ).
A temporal assemblage which admits a quantum mechanical model can be written as:
Given a temporal assemblage, one can know if it admits the hidden-state model Eq (3) by the feasibility problem of {find σ λ | ρ a|x (t) = λ p(λ)p(a|x, λ)σ λ }, which can be transformed into a numerically solvable problem based on semidefinite programming [10, [49] [50] [51] .
We refer to those assemblages, which do not admit the hidden-state model, as temporal steerable, and the degree of the temporal steerability is quantified by the measure of temporal steerable weight [18] and temporal steering robustness (TSR) [20] . In the following, we will use TSR to quantify the degree of temporal steerability for a given temporal assemblage:
is a valid noisy temporal assemblage. This can be formulated as a SDP problem as follows:
(4) Pseudo density matrix and temporal inseparability.-To complete the picture of a hierarchy of correlations, we give a brief introduction to the so-called pseudo density matrix introduced by Fitzsimons et al. [38] . A pseudo density matrix is a way to define the state of one (or more) system between two (or more) moments of time. By definition, the pseudo density matrix R of a qubit passing through a quantum channel is obtained by performing the following quantum measurements before and after the evolution (see Fig. 1 ):
where {σ i } i=0,1,2,3 = {1 1,X,Ŷ ,Ẑ} is the set composed of the identity operator and the Pauli matrices. For i, j = 0, C ij is the expectation value of a · b. When the identity operator is measured at one moment of time t 1 = 0 (t 2 = t), C ij becomes the marginal expectation value b ( a ). A pseudo density matrix is hermitian and normalized, but not necessarily positive-semidefinite. In general, a pseudo density matrix can also describe the state between two systems at different time, i.e., it can be constructed by considering the measurement x on qubit-1 at time t 1 = 0 and the measurement y on qubit-2 at time t 2 = t. One can see that R becomes a standard density matrix, which is positive-semidefinite, when the time-separation t 2 − t 1 = 0. Therefore, the relation between two measurement events is called space-like correlated when R is positivesemidefinite. Conversely, if R is not positive-semidefinite (i.e., negative), it is definitely not constructed from a standard spatially separated system. In this case, the relation between two measurement events is called time-like correlated. In Ref. [38] , the authors proposed a measure, called the f -function, to quantify the degree of such a temporal relation:
which is the summation over all the negative eigenvalues {µ i } of a given R. In the rest of the discussions, all the pseudo density matrices are obtained by considering a single qubit at different times.
In the following, we propose a proposition which will be used in the later sections.
Proposition. When the initial state of the qubit is prepared in the maximally mixed state, the pseudo density matrix constructed from its evolution is separable if f = 0, i.e.,
where ω A λ and θĀ λ are some valid quantum states acting on Hilbert spaces H A at t 1 = 0 and HĀ at t 2 = t, respectively [53] . The purpose of using the maximally mixed state as the initial condition is to produce assemblages which admit NSIT (cases which violate NSIT will be discussed later). The proof of the proposition is given in Appendix A.
Due to the mathematical similarity to a separable quantum state, in the following we will refer to the situation f = 0 as temporal inseparable. It is worth noting that the "separability" here does not denote the separability with respect to two spatially separable systems, but indicates the pseudo density matrix can be written in the separable form
A hierarchy of temporal quantum correlations.-Now, we show a hierarchical relation between three temporal relations: nonmacrorealism, temporal steerability, and temporal inseparability. To this end, we show one can obtain the temporal assemblage {ρ a|x (t)} a,x by performing a set of POVMs {E a|x } a,x on the pseudo density matrix R, in which {E a|x } a,x are the POVMs producing {ρ a|x (t)} a,x . More precisely, we show
where ρ a|x (t) = E(ρ a|x (0)) = E E a|x ρ 0 E a|x and ρ 0 = 1 1/2. The proof is given in Appendix B. Once Eq. (8) holds, the following formulation of an assemblage can be derived:
where the set of probabilities p Q (a|x, λ) := Tr(E a|x ω A λ ) is constrained by the uncertainty relation [54] . Since the set of probability distributions p(a|x, λ) in a hidden-state model Eq. (3) is only constrained by the normalization property, a hidden-state model can reproduce an assemblage given by the above equation, but not vice versa. Therefore, we arrive at the hierarchical relation between temporal separability and temporal hidden-state model: a temporal assemblage constructed from a dynamical evolution admits a temporal hidden-state model if the corresponding pseudo-density matrix is separable. Simi-larly, p(a, b|x, y) = tr E b|y ρ a|x (t)
can be reproduced by macroscopic correlations [Eq. (1)], but not vice versa, i.e., there is a hierarchical relation between the temporal hidden-state model and macrorealism: a temporal correlation is macrorealistic if the corresponding temporal assemblage admits a temporal hidden-state model. The hierarchy can be described in a converse way: a nonmacrorealistic dynamics leads to a temporal steerable assemblage, and a dynamics which leads to a temporal steerable assemblage gives an inseparable pseudo density matrix.
As a simple example, we consider a qubit experiencing a depolarizing channel, described by Eq. (A1c) (see Appendix). In Fig. 2 , we plot the dynamics of the f -function f , the temporal steering robustness TSR, and the maximal temporal-CHSH kernel B . We can see that the vanishing time, in which the corresponding classical model emerges, of each quantifier is different, demonstrating the hierarchical relation among the three temporal quantum relations.
Classical steering.-In the above discussions, the scenario we consider is under the condition of NSIT. That is, the obtained temporal assemblages {ρ a|x (t)} obey a ρ a|x (t) = a ρ a|x ′ (t) for all x = x ′ . Given that temporal hidden-state model and temporal Bell inequalities assume non-invasive measurements, observing non-macrorealism and temporal steering while satisfying NSIT gives a stricter example of both properties [55, 56] (in that it rules out certain types of examples of false signatures of both effects due to classical clumsiness). In this section, we give a simple example of such a falsesignature, which appears when the obtained temporal assemblages are not restricted to NSIT. First, we show by the following explicit example that instead of performing measurements on an initial quantum state, one can prepare a temporal assemblage which leads to temporal steerability by just preparing a set of "classical (subnormalized) states":
where {α a|x , β a|x } are some non-negative real numbers. We refer to these states as "classical" since all of them have just diagonal terms. Therefore, each state can be created by mixing, say, the spin of electrons in just one direction (e.g., z-direction). Such a temporal assemblage is steerable but trivial, and this is the reason that this 
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FIG. 2.
The blue-dotted, red-solid, and black-dashed curves represent, respectively, the dynamics of the f -function, the temporal steering robustness TSR, and the temporal CHSH kernel B T-CHSH of a qubit undergoing the depolarizing channel Eq. (A1c). We can see that the order of the three quantifiers (from the earliest to the latest vanishing time) is B T-CHSH, TSR, and f , demonstrating the hierarchy relation proposed in this work. To obtain the results, some parameters are used in the following. 1. The initial condition of the qubit is in the maximally mixed state. 2. The measurement settings to obtain temporal assemblage are the Pauli matrices {X,Ŷ ,Ẑ}. 3. To obtain B T-CHSH, we set the binary measurement at time t1 = 0 to be {X} and {Ẑ}, which is a set of one party's measurements to obtain the maximal quantum violation of the standard CHSH inequality. The two measurement settings at t2 = t are chosen from two sets of 121 measurements, where each set is composed of measurements uniformly distributed along the polar angle (with 11 measurements) and the azimuthal angle (with 11 measurements) of the Bloch sphere. Then, two measurements which lead to the maximal value of B T-CHSH at t are picked up. 4. t is in units of depolarizing rate γD.
scenario is not considered in the previous discussion, and ruled out by assuming NSIT.
In Appendix C, we show that if the measurement settings at time t 1 = 0 are set to be two of the mutually unbiased bases, the asymptotic value of TSR (or temporal steerable weight) when time goes to infinity will be the same as the trace distance between the summation of the elements of the temporal assemblage in different measurement settings, i.e.,
where D is the trace distance between two quantum states. One notes that the trace distance in the classical case represents the difference between two probability distributions. The Eq. (12) means that the quantification of temporal steering arises from a classically "clumsy" experiment if the condition of NSIT is violated.
Inferring causal structure with temporal steerability.-Finally, motivated by the work [38] proposing the ffunction as a measure of quantum causal effect, which We propose to include an auxiliary qubit (qubit-3) coherently coupled to qubit-1. By examining the temporal-like steering of qubit-3 to qubit-2, one can infer whether the correlations are due to a common cause or a direct cause. This is because, if the correlations are from the common cause, there is no temporal-like steering of qubit-3 to qubit-2 (dashed line), while an oscillatory temporal-like steering (blue curve) exists if they are from a direct cause.
discriminates between spatial and temporal correlations, we propose that the degree of temporal steeribility can also be another measure of a quantum causal effect.
First of all, let us define the scenario of quantum causality discussed here. Consider two quantum systems that interact with each other through a black box as shown in Fig. 3(a) . The correlations between the two systems may be due to spatial correlations (common cause) in Fig. 3(b) or temporal correlations (direct cause) in Fig. 3(c) . The problem we would like to address is that how to discriminate between these two scenarios without knowing the mechanism of the black box.
To illustrate that temporal steering can discriminate common and direct cause, we propose to include an auxiliary qubit (qubit-3) coherently coupled to qubit-1 as shown in Fig. 3(d) . For illustrative purpose, we consider the following two scenarios. The first scenario is that qubit-1 and -2 initially share a maximally entangled state, while, for the second scenario, qubit-1 and -2 are coherently coupled with each other via the Hamiltonian H = J(σ
, where J is the coupling strength and σ ± i are the raising and lowering operators of qubit-i. To obtain the temporal assemblage of qubit-2 at t 2 = t, three measurements in mutually unbiased bases ofX,Ŷ , andẐ are performed on qubit-3 at time t 1 = 0. Actually, this is the so-called spatio-temporal steering scenario [51] , which is a generalization of temporal steering. The temporal steering robustness, a measure of temporal steering, of qubit-2 TSR 3→2 ({ρ 2 a|x (t)}) is plotted in Fig. 3 . We can see that in the case that two qubits share a common cause, TSR 3→2 ({ρ 2 a|x (t)}) is always zero, while in the case that two qubits are connected by a direct cause, TSR 3→2 ({ρ 2 a|x (t)}) oscillates with time. This simple example illustrates how, as one might expect, given the hierarchy of temporal correlation introduced earlier, that the temporal steerability can be used to distinguish between the direct causal and common causal effect in a quantum network.
Summary and Discussion.-In this work, we show by giving explicit examples that when the f -function is zero, the corresponding pseudo density matrix has a separable model. We then prove that a set of temporal probability distributions and a temporal assemblage can be obtained directly from a pseudo density matrix. This allows us to derive a hierarchical relation between three temporal relations: non-macrorealistic dynamics gives a temporal steerable assemblage, and a temporal steerable assemblage leads to a non-vanishing f -function. This tells us that the three temporal quantum correlations are intimately related with each other, although they originate from different conceptual starting points. Our results are obtained using a maximally mixed initial state, which means the temporal evolution satisfies no-signaling in time. Finally, we use the temporal steerability to discriminate the effects of common cause and direct cause between two quantum systems.
It is worth to note that a hierarchy relation between temporal steerability and macrorealism is also considered in Ref. [57] . However, in their work, neither the steerability witness nor the temporal CHSH inequality is optmized. The results of our work fill this gap. Open questions include: does the separable property of proposition Eq. (7) holds for any quantum channel? Can a temporal assemblage be obtained directly from a pseudo density matrix under the requirement of the violation of no-signaling in time? How will the hierarchical relation change if we consider another formulation of "a state over time", e.g., the one in [58] or the one constructed by a discrete Wigner representation [59, 60] (see Ref. [61] for more comparisons between the three methods.) became aware of the work of [62] , which independently proved a hierarchy between temporal steeribility and nonmacroscopicity.
Appendix A: Proof of Proposition
To support the proposition, in the following we will show the partial transpose of pseudo density matrix R is always positive semidefinite, i.e. R TA ≥ 0, by considering the three standard quantum channels -the amplitudedamping channel, the phase-damping channel, and the depolarizing channel -which are often used to describe the dynamics of a system. Then, using the positivepartial-transpose (PPT) criterion [63, 64] , it is easy to show that R is separable.
The dynamics of a qubit undergoing the amplitudedamping channel, the phase-damping channel, and the depolarizing channel, can be respectively described by the following three Lindblad-form master equations:
where ρ s is the standard density matrix of the qubit, and {γ i } i=A,P,D denote the decay rates of the dynamics in the different channels. Assisted by Eqs. (5), one can obtain the pseudo density matrix in each scenario: 
It can be shown that the partial transpose of each above pseudo density matrix is always positive semidefinite, i.e., R TA ≥ 0 for t ∈ (0, ∞). The fact that f = 0 implies R ≥ 0, indicating R can be treated as a valid density matrix describing a qubit-qubit system. By using the positive-partial-transpose (PPT) criterion [63, 64] : a density matrix ̺ AB describing a qubit-qubit (or a qubitqutrit) system is separable if and only if its partial transpose ̺ TA AB is positive-semidefinite. In summary, we prove the proposition by the following steps:
Appendix B: Obtaining a set of temporal correlations and a temporal assemblage from a pseudo density matrix Now, we show that one can obtain the temporal assemblage {ρ a|x (t)} a,x by performing a set of positiveoperator valued measurements (POVMs) {E a|x } a,x on the pseudo density matrix R, in which {E a|x } a,x is the POVMs producing {ρ a|x (t)} a,x . More precisely, we show
where ρ a|x (t) = E(ρ a|x (0)) = E E a|x ρ 0 E a|x and ρ 0 = 1 1/2.
Proof.-Without the loss of generality, we assume {E a|x } a=±1 be projectors for each x = 1, 2, 3, i.e., E a|x = 1 2 (1 1 + a · x · σ), with a · x being the vector corresponding to projector E a|x on the Bloch sphere and σ = (X,Ŷ ,Ẑ) being the Pauli matrices. Besides, the post-measurement states for each measurement event a|x will be E a|x . The temporal assemblage would be
Then, by using Eqs. (5), we can write down the pseudo density matrix under these conditions:
Finally, the target quantity tr A (E a|x ⊗ 1 1 R) in Eq. (B1) would be
Using the fact that tr(E a|x σ i ) = a · δ x,i , the above equation will be the same as Eq. (B2). Since now we have the temporal assemblages, obtained from the pseudo density matrix, it is straightforward to obtain a set of temporal correlations p(a, b|x, y).
We should note that from Eq. (B1), the way one obtains the temporal assemblage by performing measurement on the pseudo density matrix is merely a mathematical relation between ρ a|x (t), E a|x , and R, instead of a physical system being measured. This is different from the case in the standard spatial scenario that one obtains an assemblage by performing a set of local measurements on a subsystem of a quantum state. On the other hand, as we mentioned before, the reason to use the maximally mixed state as initial state is to obey the condition of no-signalling in time (NSIT).
Appendix C: Proof of Eq. (12) Following the property of temporal steerable weight, one realizes that
where D λ (a|x) are the extremal deterministic values, λ represents a local hidden variable, x is the measurement basis, and a is the measurement outcome. Since a D λ (a|x) = 1, one has the following
If we are limited to two mutually unbaised bases and preparing the assemblages with a classical way (without the off-diagonal terms), the summation of the temporal assemblages σ 
Let us assume α > β. The summation of the local hidden assemblage ∼ σ λ = λ σ λ that can best mimic the temporal assemblages and fulfill the requirement of Eq. (C2) is thus written as
To prove that Eq. (C5) is the optimal solution, one can add a non-negative number ǫ into the diagonal terms of the matrix in Eq. (C5). It is easy to see that Tr(σ λ ) is maximum when ǫ = 0. Therefore, the temporal steerable weight (TSW) is equal to the trace distance between the two states a σ 
A similar argument can also be applied to the temporal steering robustness (TSR) with the following requirement
This leads one to write the summation of the local hidden assemblage as
and the corresponding TSR is written as TSR = Tr(
These conclude our proof that, in the classical scenario (no off-diagonal elements), the temporal steering is equal to the trace distance between the summation of the elements of the temporal assemblage in different measurement settings.
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